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Exercice 6

A.
Prove the second De Morgan law in Table 1 by showing

that if A and B are sets,then AUB = AN B
a) by showing each side is a subset of the other side.

b) using a membership table.

Let A and B be sets. Show that

a (ANB) CA. b) A C (AU B).

¢) A— B C A. d AN(B—A) =0.
e) AU(B—A) =AUB.




Solution Exercise 6-A
(a) To proof: AUB=ANB
PROOF

FIRST PART Let r € ALUE.

Using the definition of the complement, x is in the complement of A1 B
when r isnot in AU B
rg¢ AUB

If = 18 not an element of the union, then = 15 not an element of either set:

rg Anz g B
Using the definition of the complement, x is in the complement of the set
when x 18 not in the set:

reArre B
Using the definition of the intersection, = is in the intersection of two sets
when it 18 both sets.

I < ANEB

We have then shown AUB € AnB.



SECOND PART Let x € ANB.

Using the definition of the intersection, x is in the intersection of two sets
when it 18 both sets.
reAnzre B

Using the definition of the complement, x is in the complement of the set
when x is not in the set:

rg ArreB

Or equivalently:
-z e A) A —-(x € B)

Use De Morgan's law for propositions:

~(r € Av x € B)

Using the definition of the union, x is the union of the sets if r is in one of
the sets (or both).

~(z € AUB)



Or equivalently:

rg AUB

Using the definition of the complement, x is in the complement of the set
when r 15 not in the set:

re AU R
We have then shown AN B < AU B.

CONCLUSION We obtained AU B AnBand An B < AU B, thus the
two sets have to be equal.

=

AJB=A4n

(b) If = is an element, then 1 represents that the element is in the set and 0
represents that the element is not in the set.

A B AuUB A B AUB AnB
0 o (0 1 1 1 1
0 1 1 1 0 0 0
1 0 1 0 1 0 0
1 1 1 0 0 0 0

Since the last two columns have the same values, the two expressions are
equal.

AJUBE=AnEB



Solution Exercise 6-B

(a) To proof: (ANB)C A
PROOF

Let € AN B.

Using the definition of the intersection, x i1s in the intersection when it is in
both sets:
reArnre B

Using simplification of propositions, we then know that = has to be an
element of A:
re A

By the definition of a subset, we have then shown (ANE} C A
N



(b} To proof: AC {AUB)
PROOF
Let r e A
Using addition of propositions:
re AvreB

Using the definition of the union, an element 1s in the union, when it is in
one of the sets {or both)

re AUB
By the definition of a subset, we have then shown 4 C (AU B).

ic] To proof: A - B C A
PROOF
et r e A-E.

Using the definition of the difference, we then know that r is in A and = is
not in 5.

reAnz ¢ B



Using simplification of propositions, we then know that x has to be an
element of A:

re A
By the definition of a subset, we have then shown A — B C A.

(d) To proof: An(B—A)=10

PROOF

FIRST PART Let x € A (B — A).

Using the definition of the intersection, x is in the intersection when it is in

both sets:
rcApre B -4

Using the definition of the difference 5 — A, we then know that r is in B
and & 15 not in A.

reAr{zeBa-(re d))

Use commmitative law for propositions:

reAM-lred)rr e B)



Use associative law for propositions:

(reAnr-zcd)rzeB

Use negation law for propositions:
FrreB
Use domination law for propositions:

F

The emptyset does not contain any elements, thus the statement = € 0 is
always false.

el
By the definition of a subset, we have then shown An(B — A4) C .

SECOND PART
The empty set is a subset of every set:
N An({B- A4)
CONCLUSION
Since AN{B—-A)C 0 and ) € An(B — A), the two sets have to be the

SaIT1e:

An(B—A)=0



(e) To proof: AU(BE-A)=AUE
PROOF
FIRST PART Let z € A U(B — A).

Using the definition of the union, x is in the union when it is in one of the
sets:

redvre B — A

Using the definition of the difference B — A4, we then know that = is in B
and x 1s not in A.

e AvVire Ba-(xz e A))

Use commmutative law for propositions:

zeAvVi-(z e A) Ax € B)

Use simplifcation for propositions:

xe AV (x € B)

Using the definition of the union, = 18 in the union when it is in one of the
sets:

rcAUB
By the definition of a subset, we have then shown An(B —A4) C AU E.



SECOND PART let v = AU B
The empty set s a subset of every set:

D Ar(B— A)

Using the definition of the union, x is in the union when it is in one of the
sots:

e Av (x e B)
Use addition for propositions:

re Avi—(re d) T e B)

Use commmtative law for propositions:

e Avire Ba—-(xe Ad))

Using the definition of the difference B — A, we then know that x is in B
ancd x 1s not in A.

re Avaee B — A

Using the definition of the union, # is in the union when it is in one of the
sots:

reAU(B - A)
By the definition of a subset, we have then shown A LUE C A LB — A).
CONCLUSION

Since AN{B—-—A)C AUuB and AU B < An{bE — A), the two sets have to
be the same:
An{B—A)=AUB



Exercice 7

A.

Show that if A, B, and C are sets, then AN BNC =
AUBUC

a) by showing each side is a subset of the other side.

b) using a membership table.

Let A, B, and C be sets. Show that

a (AUB)C (AU BUOQC).

b) (ANBNC) < (AN B).

¢c) (A—B)—CC A—C.

d (A—-—C)N(C — B) =0.

e) (B—AUC—-—A)=BUC)—A.

Draw the Venn diagrams for each of these combinations
of the sets A, B, and C.

a) AN(BUCQC) b) ANBNC

¢) (A—B)UA-C)U(B—-0C)



(a) To proof: ANBNC=AuBUC
PROOF
FIRST PART Let r c AN B nC.

Using the definition of the complement, x is in the complement of AnBNC
when r isnot imn AnBnd

~(r e ANBNC)

Using the definition of the intersection, x is in the intersection of two sets
when it is both sets.

“lre ArnzeBhazel)

Using De Morgan's law for propositions:

Sze A)vreB)v-{zel)
Using the definition of the complement, x is in the complement of a set when
T 18 not in the set.
reAvreBvzel

Using the definition of the union, x is in the union of two sets when it is
either set.

re AUBULC
By the definition of a subset, we have then shown ANENC C AUBLUC.



SECOND PART Let x € AUE UC.

Using the definition of the union, x is the union of the sets if x is in one of
the sets {or both).

re Avre Bvrel

Using the definition of the complement, x is in the complement of the set
when r is not in the set:

—(rc A)vV ~(z € B} v~z e C)
Use De Morgan's law for propositions:

lredArnreBrrel)

Using the definition of the intersection, x is in the intersection of two sets
when it 18 both sets.

—lre AnBncC)

Using the definition of the complement, x is in the complement of the set
when r is not in the set:

re AnBnd
We have then shown AU B UC C AnBnC.

CONCLUSION We obtained ANBNC C AUBUC and AUBUC C
An BN, thus the two sets have to be equal.

AnBnC=AuUuBLUC



(b) If = is an element, then 1 represents that the element is in the set and 0
represents that the element is not in the set.

A B C AnBnC A B ¢ AnBnC AuUBUC
o 0 0 0 1 1 1 1 1
0o 0 1 0 I 1 0 1 1
o1 0 0 I 0 1 1 1
o1 1 0 I 0 0 1 1
L 0 0 0 0 1 1 1 1
1 0 1 0 0 1 0 1 1
1 1 0 0 0o 0 1 1 1
1 1 1 1 0o 0 0 0 0

Since the last two columns have the same values, the two expressions are
equal.

AnBnC=AUBLUC



a) To prove AnANMB=AUEBLC

First we prove AnAnNnBc AL BuC

[et zeAmANEB
=g AmAnB
=xrgd ANB or =& C
=rgdd or & B or zgC

A or = B or e

—r= AR UC

= ANAnNnBc AuB uUC

To prove equality we show AU BUC c AmnAn B

et =z AUBLUC

—=r=AUEB or xeC
—=reAd or € B or zC
=rgAd or & B or x&C
—=r g ANB or xgC

=r g AnBndcC

=rc AN BnNnd



SOLUTION

(a) To proof: (AUB)C {AUuB 0C)
PROOF

Let r € AU B

Using the definition of the union, an element is in the union, when it is in
one of the sets {or both)

e Avae e B

Using addition of propositions:

e Avae e Bva e’

Using the definition of the union, an element is in the union, when it is in
one of the sets {or both)

e AL B LC
By the definition of a subset, we have then shown (A U B) C (AU B C).
(|
(b) To proof: (AN BnNnC) < {ANB)
PROOF

Let re AN B NC.

Uszing the definition of the intersection, x is in the intersection when it is in
both sets:
e Anarx e BaAax e

Uze simplification of propositions:
re A e B

Using the definition of the intersection, x is in the intersection when it is in
both sets:
re A ANB

By the definition of a subset, we have then shown (AN B MC) S (A M B



(¢)] To proof: (A-B)—-CCA-C
PROOF
et x {4 - B)-C.

Using the definition of the difference, we then know that = is in 4 — B and
T s not in O

re(A-B)a-{xrel)

Using the definition of the difference, we then know that x is in A and = is
not in B.

re Arn-(zeB)a-(zel)

Use simplification of propositions:

re Ar-{xel)
Using the definition of the difference, we then know that = has to be in the
difference 4 — .
red -0
By the definition of a subset, we have then shown (4 - B)-CC A- C.



{d) To proof: (A —-CYN{C - B)=10
PROOF
FIRST PART Let x 2 (A — C') (7 — B).

Using the definition of the intersection, # is in the intersection when it is in
both sets:
re{A-C)yaxrze(C - B)

Using the definition of the difference 4 — ', we then know that = 1s in A
and x is not in O (similar for ¢ — B).
re Ara-lzeC)axzeCh—{xe B))

Use negation law for propositions:

re AnF a —(x e B))

Use domination law for propositions:

F
The emptyset does not contain any elements, thus the statement x < @ is
always false.
e
By the definition of a subset, we have then shown (4 — C) 1 (C — B) C 0.
SECOND PART
The empty set is a subset of every set:

= {A—C)
CONCLUSION
Since (A —C)N{C—B) <0 and § < (A — C), the two sets have to be the

SO Ire:

(A—C)n(C—B) =



(e) To proof: (BE—-—Aju(C’'—A)=(Bud)—A
PROOF
FIRST PART Let r e (B — A) U{C — A},

Using the definition of the union, x is in the union when it is in one of the
sets:
re{(B-A)vze (U - A4)

Using the definition of the difference B — A, we then know that x is in B
and x is not in A (Similar for C' — A}.

(zeBr—(zeA)vizeCn(zeA)

Use distributive law for propositions:

(re BvrelU)n -z A)
Using the definition of the union, & i1s in the union when it is in one of the
sots:
(re BwvC)a-(xre A)
Using the definition of the difference, we then know that r isin (BUC) — A,

re(BUC)— A

By the definition of a subset, we have then shown (5 — A4) U (C — 4) C
(BuC) — A,



SECOND PART Let x € (BUC) — A

Using the definition of the difference (B U C') — 4, we then know that x is
m B UC and x is not In A (Similar for C' — A).

reBUC Az e A)

Using the definition of the union, x is in the union when it is in one of the
sets:

re BvzeU)n ~(xze A)
Use distributive law for propositions:
(reBa-zedA))vizeCnr—-(zxed))

Using the definition of the difference, we then obtain:

re B - Avrere (' — A

Using the definition of the union, # is in the union when it is in one of the
sets:

ze(B—A)U(C— A)

By the definition of a subset, we have then shown (BUC)—AC (B — A4) L
(C'— A).

CONCLUSION

Since (BE—A){C-A)c{(BuC)—Aand (BUC)—-AC({B-A)U{C —A4),
the two sets have to be the same:

(B-—A)U(C—A)=(BuC)— A



Exercice 8

A.
Show that if A is a subset of a universal set U, then
a) A A=10. b) A V= A.
¢c) AdU = A. d Ao A=U.

B.

Show that A@ B = (AU B) — (AN B).



{a) Given: U7 is the universal set.
To proof: A A=1(
PROOF

AgA={zlrcAa A

By the definition of symmetric difference 4 & A, x then has to be an element
of 4 or an element of 4, but not an element of both.

={zlirc Avzc A A-(zec Arz e A))

Use the idempotent laws for propositions:

={zrlre An—-(xr e A)}

Use the negation law for propositions:

= («F)

The empty set does not contain any elements and thus the statement = € ()
15 always false.

= {z|r € 0}
=1

(b) Given: L7 is the universal set.
To proof: A& =4
PROOF

Agl={zlzrc Az}

By the definition of symmetric difference A &0, & then has to be an element
of A or an element of @, but not an element of both.

={zllreAvrel) A~z Arzell)}

The empty set does not contain any elements and thus the statement = € (8
is always false.

={z|(re AVF)A-(zc AnF)}
Use the identity law for propositions:
={zlre An—-(zec ArF)}
Use the domination law for propositions:
= {rlre An-F}
= {rlre An T}

Use the identity law for propositions:

= {z|r € A}
— A



{c) Given: [7 is the universal set.
To proof: AU/ =4
PROOF

AalU={zjrc AgU)}

By the definition of symmetric difference A¢ U7, & then has to be an element
of A or an element of &7, but not an element of both.

={zllreAvzel)a -z Arxecl)}

The universal set contains all elements and thus the statement @ = [V is
always true.

={z|lre AvT)n -z ArT)}
Use the domination law for propositions:
={z|TAr—-{zecArT)}
Use the identity law for propositions:
= {z|T A —(z € A)}
Use the identity law for propositions:
= {x|=(xr e A)}
Use the definition of the complement:

= {x|x € A}



(d) Given: U7 is the universal set.
To proof: AaA =0
PROOF

AxA={rlrcAgd)

By the definition of symmetric difference A& A, r then has to be an element
of 4 or an element of 4, but not an element of both.

={zllze Avz e A)r~(rc Arzc A)}
Use the definition of the complement:
={zrllre Av-(re A))n—-(re An—-(z e A))}
Use the negation law for propositions:
= {x|T A ~(F)}
= {z|T » T}
Use the identity law for propositions:
= {z|T}

The universal set contalns all elements and thus the statement = € U7 Is
always true.

={zx|lze U}
_ U



To proof: A B ={AUB)— (AN B)
PROOF

A@B={zjzc AaB)

By the definition of symmetric difference A& B, x then has to be an element
of 4 or an element of B, but not an element of both.

={zllrecAvere B)A-(zc Arx € B)}
By the definition of the union:

={rllre AUB)A—-(z e Arx e B)}

Bv the definition of the intersection:
={z|(re AUB)A -z e AN B)}
By the definition of the difference:
={zlre (AUB) - (AN B)}

—(AUB)—(ANB)



